Abstract-The ac losses induced by an alternating transport current in type-II superconductors is a well-known phenomenon, which still attracts much attention because of its intrinsic relevance for the proper development of practical applications. In the case of single core superconducting cables of cylindrical cross-section, it is possible to find exact analytical solutions at self field conditions, and it has been believed for nearly two decades that the use of an ideal soft ferromagnetic sheath with negligible magnetization losses will not affect the electromagnetic properties of the superconducting wire, and on the contrary due to the shielding magnetic properties of the ferromagnet, the total ac losses of the SC wire have to be reduced or as maximum they must be equal to the one for the bare superconductor at self-field conditions, what contraries the experimental evidences that show a non-negligible increase on the ac losses. In this paper, we explain the physical nature of this mysterious increase in the ac losses for rounded superconducting/ferromagnetic heterostrutures, which for the sake of generality, has been solved within the critical state theory, and a magnetic multipolar expansion that enables the direct coupling of the magnetostatic properties of the superconductor and an ideal soft ferromagnet. A significant increase in the transient electric field during excitation period has been observed, which might have utter implications on the adequate selection of insulation materials for superconducting/ferromagnetic heterostructures.
demagnetization properties of these systems [9] , [10] , magnetic cloaking features [4] [5] [6] [7] , [11] , and shielding properties of type-II superconductors (SC) surrounded or in the near proximity of a soft ferromagnetic material (FM) [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . However, the influence of the physical coupling between the macroscopic electromagnetic properties of these two systems on the overall hysteresis losses of the SCFM heterostructures for AC applications, is yet to be understood.
The fundamental ansatz behind these studies lies on the fact that a FM aid to amend the SC performance by shielding it from the self-induced magnetic field in multi-filament/layer compounds subjected to a transport current, as well as of any externally imposed magnetic field to the SC [22] . Therefore, as the critical current density in most of the type-II SCs is degraded by increasing the magnitude of the applied magnetic field, H a , when the SC is encompassed within or in a near proximity of a FM, the SC exhibit enlarged critical currents through wide ranges of intensities of H a . Because of this, the magnetic shielding benefits of SCFM heterostructures have been broadly reported on type-II SC cables of cylindrical cross-section composed by NbTi [12] , BPSCCO [13] , [14] , BSCCO [15] , YBCO [19] , and MgB 2 [16] [17] [18] , as well as in other SC topologies (strips and bulks) [19] [20] [21] . However, a crucial question here is whether the presence of a FM will affect the AC losses of the SC in conditions where only applied current is considered (self-field conditions). Intuitively, we could think that the use of a sheath made of an ideal FM does not have any effect on the AC losses of a SC, as long as there is not any chemical driven reaction which could add superficial eddy currents at the interface between the two materials, as by definition a soft magnetic material with constant magnetic permeability produces null magnetic hysteresis losses. Nevertheless, a non negligible increase in the AC losses of these systems has been already reported for multiple SCFM configurations either under external magnetic field conditions (no transport current) [23] , or in the absence of an applied magnetic field but with the presence of a transport current [23] [24] [25] , which does not match with the losses provided by the bare FM at low field frequencies comparable with the self-field magnitude [26] .
In the case of a SC strip of thickness d S C deposited over a thin FM layer, it has been demonstrated by simplified semianalytical methods that the critical state (CS) model allows to reproduce the increment of their AC losses at low magnetic fields (H a < 0.14J c d S C ) applied perpendicularly to the surface 1051-8223 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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of the heterostructure, as well as its AC loss reduction at greater strengths of the field (compared to the bare SC strip) up to reaching the saturation of the FM layer, when the losses of the SCFM heterostructure coincide with the curve of losses for the bare SC [27] . However, with the use of more sophisticated numerical approaches [28] , [29] , which indeed are extensively used for reproducing the electromagnetic properties of (bare) type-II SCs under many different configurations, for the case of SCFM heterostructures, it has been demonstrated that even for an infinitely thin SC strip, the reduction of the AC losses at low magnetic fields cannot be reproduced within or beyond the CS model. Therefore, some inductive coupling happens between the elements of current inside the SC specimen and the FM itself which cannot be incorporated within 1D systems, and in consequence it need to be directly included within the physical formalism of the problem in 2D and 3D symmetries. Similar behaviour has been found for the case of rounded SCFM heterostructures under applied magnetic field, with the AC losses behaviour explained for moderate to high magnetic fields, it relative to the full penetration field (H p = 2πJ c R S C ) of the bare SC of radius R 1 [30] . However, a physical explanation for the increment in the AC losses of SCFM heterostructures at self-field conditions, i.e., with an applied transport current but no external magnetic field, has not been reached yet. In fact, for nearly two decades it has been believed that for isotropic type-II SCs of circular cross section, nor a J c degradation neither an increase in the AC losses can be caused by a FM sheath. The first statement being in full agreement with the CS model where a constant J c is customarily used for the modelling of the physical properties in practical superconductors [28] , [31] , but the latter not being justified by the simple use of the CS material law (J ≤ J c ), as the magneto-coupling between the elements with critical current density inside the SC and the magnetic properties of the FM is not explicitly included into the mathematical formulation that is used to describe this phenomena.
Thus, in Section II we present a semi-analytical A − J formulation which allows the integral solution of a simplified minimization functional for the critical state solution of finite rounded SCFM heterostructures, with an explicit inductive coupling between the SC and FM specimens. Then, in Section III we show some of our obtained results when an ideal FM sheath of relative magnetic permeability μ r = 46 (a common value for Fe-based FMs) and outer radius R 2 = 1.5R 1 is considered, providing a solid physical explanation to the origin of the increment in the AC losses of SCFM rounded heterostructures at self-field conditions. Finally, Section IV is devoted to present the main conclusions of this study.
II. ELECTROMAGNETIC FORMULATION FOR ROUNDED SCFM HETEROSTRUCTURES
In this section, the theoretical framework that enables a straightforward inclusion of the magnetostatic coupling between a cylindrical SC and a finite FM sheath (Figure 1 ) is disclosed. Our formalism is based upon the CS theory and the integral formalism developed at [28] , where a generalized minimization functional can be obtained within the Magneto Quasi Steady approach (∂ t D 0) for decoupling the electric from the magnetic sectors at a local level, i.e., to enable the solution of the entire problem by only calculating the elements of current inside inside the SC domains. Thus, in general terms the functional to be minimized is defined as
which is equivalent to the energy minimization principle [32] 
as long as the minimisation process accomplishes the constraint conditions enforced by the given sources and, the CS material law within the domains with current density, J ∈ ·Δ r . Therefore, if the SC is carrying a transport current I tr flowing across the surface Ω, it is mandatory to consider the extrinsic constraint
which updates the distributions of local current to fulfil the physical condition E · J in those regions where the magnetic flux does not vary, being this consistent with the charge conservation principle for type-II SCs [33] . Thus, In order to deal with the coupling between a SC wire and a finite FM sheath, both of cylindrical cross section, these minimization functionals can be reduced to a 2D system, as long as it is assumed that the length of the wire is much greater than its radius, such that flux cutting effects at its terminals can be neglected [34] , [35] . In this sense, assuming that the SC and the FM sheath are infinitely long along the z-axis, the resulting vector potential does not have components along the polar and radial directions, and the minimization can be only satisfied if the gradient of the scalar electric potential is equal to a timedependent constant, ∇φ = C tûz , such that the minimization functional can be reduced to
where Ω denotes the cross-section area of the SC, as the FM is assumed to be either a non-conductive material or one with an electrical resistivity several orders of magnitude greater that the one of the SC, an assumption generally valid for all type-II SCs at operative temperatures below T c and low to moderate frequencies (< 1MHz) [26] . Therefore, if Ω can be divided into a mesh of elements containing a sufficiently large number of infinitely long domains, it is possible to reduce the problem to the calculation of the self and mutual inductance matrices, or vector potentials, for lines of current density J i located at the positions r i ∈ Ω, i.e., [34] 
with r ij the distance between two lines of current, each at the positions r i and r j respectively. This set of equations allows to reproduce all the electromagnetic properties of type-II SCs for diverse material laws, either material dependant E − J power laws [36] , or the pure CS law |J| ≤ |J c | [28] , the latter used in this study for the sake of generality. Nonetheless, in order to consider the magnetic component induced by the FM sheath by the action of the elements of current inside the SC, it is necessary to write these vector potentials into complex coordinates such that a multipole expansion can be invoked for determining the total magnetic vector potential at the three regions of interest (i) r i ≤ R 1 (within the SC), (ii) R 1 < r i ≤ R 2 (within the FM), and (iii) r i > R 2 (outside the SCFM heterostructure). After a long series of analytical calculations, we have found that the contribution of the FM sheath to the magnetic vector potential over the SC domain can be written as
with Γ S C defined by
Thus, by imposing the CS law over the minimization functional in (4), and by having defined the different contributions to the magnetic vector potential within the SC domain, it is possible to find the full solution of the electromagnetic problem within Ω, as it is shown in Section III.
III. ELECTROMAGNETIC FEATURES AND AC LOSSES
As it can be seen in the top row of figure 2, when the SC wire is in absence of the FM sheath, the flux front profiles of current density calculated by our numerical method follow the same circular patterns of radius r = R 1 (1 − I tr /I c ) that can be obtained by exact analytical methods [37] , with lines of magnetic field extending to all areas of space beyond r, as long as I tr = 0, otherwise the field lines are confined within the SC (5)- (7)) are displayed for illustration purposes. Analogously, the bottom two rows show corresponding electric field profiles for the SC and SCFM configurations, respectively. Electric field values are given in units of (μ 0 /4π)R 2 1 J c /δ t .
domain (r i < R 1 ) (1st row, 3rd column at Fig. 2 ). For the sake of clarity, it is worth emphasizing that the 'field' lines shown in this figure are not the lines of magnetic field but the contour lines of the magnetic vector potential, which although both have the same symmetry, the later only disclose the points over a closed curve where the intensity of the magnetic field is the same. In this sense, the lack of contour lines in areas filled with current density as the ones observed at the time steps 2 and 6, are not meant to be interpreted as zero-field regions. In fact, the only situation when there is no evidence of magnetic field within or beyond the domains of current, is when I a = 0. Nevertheless, as the scope of this paper focuses on the electric field and AC losses of SCFM heterostructures, a detailed discussion on how the resulting magnetic flux profiles are compared with the classical magnetic field profiles for rounded SC wires [38] is being prepared for a further publication. Thus, just for illustration purposes, what can be observed in the second row of Fig. 2 , i,e., when the SC is covered by a FM sheath of radius R 2 > R 1 , is that the distribution of J-profiles is the same than the one attained for the SC bare-wire, but with the FM acting as a magnetic field trap, which consequently implies that the increment in the AC losses in a SCFM heterostructure can only be produced by the magneto coupling between these two materials, but not by an alteration of the critical current of the SC. However, knowing the distribution of current inside the SC is not enough to determine the total electric field E = −dA/dt + C t that is experienced by the different sections of the SCFM heterostructure, unless the contribution of the FM sheath to the vector potential is explicitly included. For instance, in the case of the bare SC, the total vector potential is simply defined as A S C (r i ≤ R 1 ) = A s + A m , whilst for the SCFM heterostructure it results to be A S C F M (r i ≤ R 1 ) = A s + A m + A F M , therefore increasing the magnitude of the electric field inside the SC, as it can be seen when comparing the electric field results displayed in figure 2 for the bare SC, E z [SC] , and the SCFM heterostructure, E z [F M]. Thus, for dA/dt = 0, i.e., for I tr = ±I a (see results for time steps 1 and 4 in figure 2 ), we have found that for the SCFM heterostructure the electric field at the SC surface (r i = R 1 ) increases in at least one order of magnitude (E z [F M@R 1 , t 1 ] = 0.01297) when compared with the sole SC (E z [SC@R 1 , t 1 ] = 0.001104), both expressed in units of (μ 0 /4π)R 2 1 J c /δ t . However, at the outer surface of the SCFM heterostructure, and in fact beyond of it (r i ≥ R 2 ), the effect on the electric field by the FM sheath is much more acute as it can be seen in figure 2 , reaching up to more than two orders of difference in their magnitude, where E z [SC@R 2 , t 1 ] = 0.01866, and E z [F M@R 2 , t 1 ] = 0.3019. On the other hand, for the current peak values, I tr = ±I a (time steps 2 and 6, respectively), the change in the electric field at r i = R 1 is negligible (as expected), or to be more precise, it is in the same order of magnitude of the allowed numerical tolerance (1E − 6) within our computational model. However, for (R 1 < r i ≤ R 2 ) the FM sheath shows a fast lowering of the electric field leakage outside the heterostructure, but this only happens at the peak values of I tr . Thus, for power cable applications, a remarkable feature of this study is that we have demonstrated that by the use of SCFM heterostructures, even in the most simple configurations as the one envisaged in this paper, certain cautions must be taken regarding the dielectric properties of the insulations due to the significant increase in the electric field that is being produced by the AC current and the SC/FM coupling. Therefore, although the benefits of the magnetic shielding properties of SCFM heterostructures are undeniable, a further challenge is created regarding the setting of adequate insulations for the prevention of electric breakdowns in these systems. Moreover, despite neither the electric field nor the distribution of superconducting currents at the peak values change between the bare SC and the SCFM heterostructure, and therefore no change in the instantaneous energy losses E · J at theses instants can be observed, it does not mean that the hysteresis losses also called AC losses does not change. In fact, as the calculation of the AC losses per unit time and volume (Φ) for cyclic excitations of frequency ω invokes the magnetic history of the SC cross-section (Ω) between the two peaks of the I tr excitation through the vector potential
the observed increment of the electric field then has a backlash onto the total calculation of the AC losses, even when an ideal soft ferromagnet with negligible magnetization losses is considered. In figure 3 , we show our numerical results for the AC losses of the bare SC which coincides with the analytical solution of Gurevich et al. [39] , it compared with our calculated AC losses for the SCFM heterostructure. Therein, we can observe how the overall AC losses of the SCFM heterostructure increases due to the magnetostatic coupling between the SC and the FM as I a increases, reaching up to ∼ 9% greater losses when I a is as high as the critical current threshold I c . Therefore, if any further increment in the AC losses of a SCFM cable of similar topology is experimentally obtained, this can be only caused by a non-negligible contribution of the magnetization loop in the FM, as long as adequate measures to subtract non-adiabatic and joints losses are considered.
IV. CONCLUDING REMARKS
In this paper, the electromagnetic response of a SCFM heterostructure composed by a type-II SC of cylindrical cross section and radius R 1 , it embedded within an ideal soft ferromagnetic sheath (FM) of relative magnetic permeability μ r = 46 and radius R 2 = 1.5R 1 , has been presented. Our model is based onto the variational formulation of the generalized CS model introduced in [28] , together with an exact analytical calculation of the magnetostatic coupling between the SC and the FM in cylindrical topologies ( figure 1 (c) ). We have demonstrated that beyond the well known magnetic shielding advantages that FM sheaths add to hybrid SCFM heterostructures under external magnetic field conditions, when the SC is subjected only to an alternating current (self-field condition), a significant increment in the electric field over and beyond the heterostructure can be observed for the transient states in between the peak values of I tr . This might imply significant repercussions in the designing of HV power cables aimed to utilize the properties of hybrid SC/FM structures, as further considerations must be taken regarding the dielectric properties of the insulating materials used.
Moreover, we have demonstrated the existence of an inherent coupling between the macroscopic current densities inside the SC and the magnetic inductance elements created by the FM, even when the latter has negligible magnetization losses. Therefore, due to this new physical mechanism which can be treated by means of multipolar expansions, the overall AC losses of the SCFM heterostructure increases in up to 9% for AC currents of I a = I c , an increment that cannot be ignored in practical applications. The electromagnetic phenomena shown in this paper can be used as a benchmark to understand the nature of increments in the AC losses for SCFM heterostructures, which cannot be explained by conventional mechanisms.
